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1. Introduction 

In 1975, Takahashi and Umezawa-'^ proposed a formalism based on operators called 
thermofield dynamics (TFD) in order to describe quantum field theory at finite 
temperature by means of a structure of Hilbert space. This approach was not to- 
tally new since a similar idea appeared in a paper by Araki and Woods, in 1963, 
considering the case of a free boson gas . Takahashi and Umezawa's approach is 
an alternative to the density operator formalism in quantum statistical mechanics 
proposed by Landau^ and von Neumanrl^''^ in 1925 and to the finite temperature 
quantum field theory proposed by Matsubara in 1955^. In fact, TFD is an operator- 
algebraic approach to quantum statistical mechanicJ^ and a real time formalism to 
finite temperature quantum field theorjEEl. 

The basic ingredients of TFD are the doubling of freedom degrees in the Hilbert 
space H which describes the physical system and the building of a finite temperature 
vacuum, called hereafter thermofield vacuum, by means of a Bogoliubov transfor- 
mation realized in the zero tempe rature vacuum state defined into the Hilbert space 
T-L®i-L, also called Liouville space ^2^2], where the space i-L is constructed by means 
of a tilde conjugation rule % — )■ This procedure is made in such a way that 

the expectation value of any operator from % in the thermofield vacuum coincides 
with the statistical mean value. 

TFD approach has been largely applie d in the study of finit e ternperature sys- 
tems , from high energy physics 1 3 T 4 1 5 , I^PT] quantum optics | T9l|20 | |21 | |22 | |23 | 
and condensed matter physics I ^^M^^H-^^ , in different contexts as gauge theories 



Anderson model^, renormalization groupl^, Casimir effeclP^ll^ni^ string field 
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theorjl^, supersiniinetrj'221^ nonc omm utative theoriePna, non-classical states^, 
thermal and quantum fluctuation^^Sl^ master equationjm, among others 

However, quantum information theory was not still explored in a TFD context, 
although its potential to deal with quantum information protocols in systems at 
finite temperature 34,35^36,37 

In quantum information the storage properties of qubits from quantum com- 
puters in comparison to bits from classical computers can be viewed as a result of 
a Hilbert space structure in quantum m echa nics, that leads in the quantum com- 
puter case to strong processing 

resultfPEH. 

In this sense, we can also explore the 
Hilbert state structure from TFD approach in order to trace some parallels with 
achievements from quantum information. 

The no-cloning theorem was proved, in 1982, by Wooters and Zurek^^ and 



DieksSl to pure states, and then to mixed states by Barnum et al.'^'^, in 1996, 
and to entangled states by Koashi and ImotJ^, in 1998, leading to some other 
consequences as protocols of quantum clonin^SHSSllin] teleclonin j'^^H^^ i 

In this paper we discuss the relation between the no-cloning theorem and the 
doubling procedure used in the formalism of TFD. We also discuss how to apply 
the no-cloning theorem in the context of thermofield states defined in TFD. Con- 
sequences associated to states hi 1-1®%, mixed states, von Neumann entropy and 
thermofield vacuum are also addressed. 

In order to clarify notation and subject, in the next section we review some 
basic aspects of TFD approach. 



2. Thermofield approach 

Consider an operator A acting on a Hilbert space T-L generated by Fock states |n). 
Its expectation value in a given ensemble is expressed by 

{A) = Tr(M), (1) 

where p is the density operator in the corresponding ensemble. In thermofield dy- 
namics this expectation value is evaluated by means of the definition of a thermofield 
vacuum |0(/?)), where /3 = 1/T is the inverse of temperature T (ks = h = 1), giving 
the same result as statistical approach, i.e., 

{0{(3)\A\Qm^Tr{pA). (2) 

As a consequence, the thermal vaccuum state |0(/3)) is associated to the density 
operator p. For this reason we need to describe it in a Hilbert space larger than the 
Hilbert space H generated by the Fock states \n). Then, the thermofield vacuum 
|0(/3)) is not a vector state in the Hilbert space H described by the Fock states |n), 
but a state in another enlarged Hilbert space H^H, where H is the Hilbert space 
conjugated to H. In fact, in order to describe |0(/3)) as a vector state, we need to 
double the degrees of freedom of the Hilbert space "H by a formal procedure named 
tilde conjugation H^, creating the space 'H®'H. 
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In order to construct the thermofield vacuum in the space "HigiH, let us suppose 
we can describe |0(/3)) in terms of the Fock state basis \n) and unknown vectors 
|c,i) G H by means of the following expansion 

|0(/3))=ElC")H- (3) 

n 

The next step is to find the form of the unkown vectors |c„) such that the relation 
^ turns out to be true. 

Consider the system described by a thermal equilibrium density matrix 

P = e-^"/Z, (4) 

where Z — Tr(e~^^) is the partition function and the energy spectrum En of the 
hamiltonian H, 

H\n)=E„\n). (5) 
Then the expectation value of A in can be written as 

n 

We can also write the same in terms of |0(/3)) by using equations ([2]), ([3]) and the 
assumption that A does not act on |c„) vectors, 

(0(/3)|i|0(/3))=E(c™|c„)(m|i|n). (7) 

Comparing equations (O and (O, we find 

{cM - ^e~-2^(^"^+^-^6mn. (8) 

Thus, by defining the Fock states \h) £ H a. basis product can be given to 71®% 
and we can write |c„) vectors as 

|c„) = ^e-^^^"|n). (9) 



The vector in equation dH) satisfy the conditions ([2|) and (jS]) and we can finally 
express the thermofield vacuum in terms of |n, n) € Ji <®'H, 



e~^^"^^\n,h). (10) 



We can also have operators acting on \n) & H. We distinguish them by putting a 
tilde on top of a capital letter, e.g., A. In TFD, tilde conjugation rules 1^ realize a 
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mapping between A operators acting on \n) and A acting on |n). These rules are 
summarized by 

[AB] = AB, (11) 

{zA + wB) ^ z*A + w*B, (12) 

(It) = (i)t, (13) 

(i) = ±i, (14) 
[i,B]±=0, (15) 

where the operators A and B act only in the Hilbert space spanned by |n), and A 
and B act only in the Hilbert space generated by |n), where z and w are complex 
numbers, z* and are their resp ecti ve complex conjugated. In equation (|14p . + 
is for bosons and — is for fermions - "^ . In equa tion (|15|) + means commutation for 
bosons and — is anticommutation for fermions 

From the operators A and A it is possible to derive also other operators that 
will act on the total space H (E)'H. We can use a bar to distingish such operators, 
following notation similar to Ojima'^^, and write generally 

A^ A{Bi,...,B„,Ci,...,C^) (16) 

where here we have A as a function of i?„ and Ci, Cm- For instance, we 

could have 

A^zA + wA. (17) 
where z and w are complex numbers. Such structure of operators is in fact rigorous 



as a mathematical formulation of a thermal theorySOl and consequently we have a 
important relationship between thermofield vacuum and density operators to each 
given temperature T = f3~^, 

|0(/3))^p=^. (18) 

In the Liouville space Ti, ®T-L given by TFD, the zero temperature vacuum state 
is given by |0, 0), whose corresponding density operator at zero temperature is 
Po = |0)(0|. By applying a Bogoliubov transformation e^'*^ on this vacuum state 
|0, 0), the thermofield vacuum is generated at a finite temperature T = 

|0(/3)) =e-'«|0,0), (19) 

where G is an unitary operator mixing \n) £ H and |n) € ^ by acting on the 
Hilbert space H ^H, similar lly to (IT5|) and pT|) . but with a two-mode squeezing 
operator forml^^^ 

G = i0{l3) (^fltfot _ (20) 
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where 9 = 0(/3) is a parameter related to a thermal distribution, and are 
creation operators acting on spaces H and 'H, and a and b are annihilation operators 
acting on spaces T-L and respectively. In the case of a bosonic oscillator system, we 
have 9 — tanh~"'^(e~'^'^/^), related to a Bose-Einsten statistics, and for a fermionic 
oscillator system we have 9 = tan~^(e~^'^/^), related to a Fermi-Dirac statistics. 

From Bogolioubov transformation (|20p , we can define at given finite temperature 
T = thermofield operators from the creation and annihilation operators 

al = e-'^a^e*^, (21) 
afj = e-"^ae''^, (22) 

bl = e-'H^e'"^, (23) 
bp = e-'°be"^. (24) 

These operators commute in the bosonic case and anti-commute in fermionic case. 
We have the following properties to a given temperature T = /3~^, 

ap\Om =bp\0{P)) ^0. (25) 

It follows that afj and bp, given by equations (|22p and ([24]), are annihilation oper- 
ators to the thermofield vacuum and justify the term vacuum. On the other hand, 
and bp, given by equations ([21]) and ([23| . excite the thermofield vacuum gener- 
ating excited thermofield states. Since the Bogoliubov transformation is canonical, 
the corresponding commutations for bosons or anticommutations for fermions are 



preserved 

Although this discussion of TFD is restricted to the more simple formulation 
in terms of creation and annihilation operators ^241^ elaborate discussion c ould 
include more specific treatments as based on Schwinger operatord^, gauge fieldiPl, 
supersimmetry^ or the approach on phase space^. These can be useful in more 
specific situations, as, for instance, spin 1/2 particles in a latticJ^, Higgs mech- 
anism 1^ or in the approach to Wigner functioniI21_ We also point out that, in 
more specific cases, G in the Bogoliubov transformation e~"-^ and the thermofield 
vacuum |0(/3)) can be more elaborate than ([T^ and ([^0)) . 

Now, as a simple example in this discussion, consider a fermionic oscillator, 
described by the hamiltonian H 

H = wa^a, (26) 
H = ioPb, (27) 

and the corresponding anticommutation relations 

{a,at} = {6,6t} = i, (28) 

{d,a} = {b,b}^0, (29) 
{&^a^} = {6,a} = 0. (30) 
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We can also define 



This operator is hermitean H = W and gives the time evolution of an operator A by 
means of a Liouville-von Neumann equation It also annihilates the thermofield 
vacuum at a given finite temperature T — (3^^ 

H\Om = 0. (32) 

The space Hf^H is generated, in this case, from the zero temperature vacuum and 
its excitations, 

|0,6) = 1|0,6), (33) 
|1,6) =at|o,6), (34) 
|0,i) 6t|o,o), (35) 
|l,i) = atfetjco). (36) 

By applying the Bogolioubov transformation on the vacuum |0, 0) we arrive at the 
following thermofield vacuum 

|0(/3)) = -^(|0,6)+e^|l,i)). (37) 



From the normalization condition |0(/?)), we derive the partition function Z = 
1 + e-P'^. We then define 

= / . , (38) 



1 



v{P) = -=!==. (39) 



Since the following relation is satisfied 

u{pf+v{PY^\, (40) 

we can also write 

u(/3) = cos6', (41) 
t>(^)=sin6', (42) 

where 

6* = tan-i(e-T^). (43) 

In this case, the thermofield vacuum can be written as 

W)) = cos6l|0,0) +sin6l|l,i). (44) 

We can use this relation to calculate, for example, the mean value of the number 
operator 

(ata) = (0(/3)|ata|0(/3)) = j^^. (45) 
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which is the Fermi-Dirac distribution, where we have agre ement with the statistical 
resuh as given in the equation ([2]) . We can also write 1241 

(a^a) = sin^ 9. (46) 

The equation (|44|) asserts that the fermionic thermofield vacuum is in the plane 
generated by |0, 0) and |1, 1). In fact, the action of the Bogolioubov transformation 
on the vacuum excitations (I55t and ([55)1 is given by 

and 



|0,0) J \sme cose J V|o,o) 



It follows that the fermionic thermofield vacuum, eq. (j44[) . is in the plane generated 
by |0, 0) and |1, 1) and it corresponds to a rotation of 9, relatively to |0, 0). On the 
other hand, the action of the Bogolioubov transfomation on p4p and (I55t has no 
effect, being equivalent to an identity operator in the plane generated by |1, 0) and 
|0,i) (see figureH]). 



/ I1>1> 


/\Oifi)> \ 

/b 




|0,0> i 



Fig. 1. (Color online) Fermionic thermofield vacuum |0(/3)), eq. 1144 ll . in the plane generated by 
|0,0> and |1, 1). 



Applying the thermofield operators (|22|) and ([24|) on (|44l) , considering the inverse 
of the Bogolioubov transformation 



^^G(\^^) \ ^ ( COS0 Sin0\ 

^|0,0) ) \-sm9 cose J \\0,0) J ' 



(49) 
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we can show explicitly the thermofield vaccuum annihilations (1251) 

apW)) = er'^ae''^ (cos 6l|0, 0) + sin 6*11, !» 

= e-'^a{cos^e\Q,Q) -coaesm.e\l,l) + cos6lsin6'|l, 1) + sin^ 6l|0,0)) 
= 0, (50) 

and 

hp\Q{P)) = e-'^he'^ (cos6'|0,0) + sin 6*11,1)) 

= e-"5;;(cos2 6'|0,0) -cos6'sin0|l,i) +cos6'sin6'|l,i) +sin2e'|0,6)) 

= 0. (51) 

Similar calculations could be done to the case of a bosonic oscillator, case where 
the thermofield vacuum is expressed by 



|0(/3)) = v/l-e-'3-o^e-*^'"«|n,n), (52) 

n 

with mean value of the number operator leading to a Bose-Einstein distribution. 
3. Thermofield vacuum and von Neumann entropy 

It is also interesting to consider the relation among the thermofield vacuum |0(/3)) G 
its associated density operator p acting on the space T-L and the von Neumann 
entropy S = S{p). 

As we discussed in the last section, by means of a Bogoliubov transformation in 
the state |0, 0), a thermofield vacuum |0(/3)) is generated. This state is maximally 
entangled state in the space T-L®i-I^^. As a consequence it is non-factorable and, for 
this reason, at finite temperature, the thermofield vacuum is always associated to a 
mixed state in T-L. The fact of |0(/3)) be related to a mixed state in % is an important 
feature to be considered. Indeed, superpositions in the space % have a different role 
from superpositions states in the space H ® H, because in this higher space the 
effect of non-separability will reflect in T-L the existence of "H. As an illustration, 
consider the following superposition state 

IV') = cos6'|0) +sine'|l), (53) 

where 9 is given by (|43l) . The density matrix associated to ([53| is given by 



^l^> = U«in2/sin^0 ) ^^^^ 

We can calculate the von Neumann entropy for the state ([53|) by means of its 
associate density matrix (|54|) 

S{p\i,)) = -Tr{p\^) ln(p|^))) = 0. (55) 

This means that it is a pure state t^^HSHESI This could also be verified from a more 
simple relation 

P|'0>(1 - /5|,A>) = 0. (56) 
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On the other hand, the density matrix corresponding to the thermofield vacuum of 
the fermionic oscillator, eq. (|44|) . 



|0(;3)) = cos6i|0,0) +sin0|l,i) (57) 
is associated to the density matrix 

p^^e-f^'^^^^ (58) 
Then, if we calculate the von Neumann entropy for this state, we have 
S{p) = -TripHp)) 

= + (59) 

This is a non-zero entropy and then the thermofield vacuum, a state in "H is 
in fact associated to a mixed state in "H. In a more general case, the thermofield 
vacuum is associated to the following von Neumann entropy 

S{p)^P Tr{pH) + \n{Z), (60) 

corresponding, at finite temperature, to a mixed state. When the temperature is 
zero, we have the pure case, where the thermofield vacuum is at zero temperature 
|0,0) and the entropy vanishes. In the extreme case where the temperature goes 
to infinity, the thermofield vacuum becames factorable |1,1), but in this case the 
entropy is S{p) ~ ln(2) « 0.69, the maximum value achieved by the entropy (see 
figure [2]). 



Entropy S 




Fig. 2. (Color online) von Neumann entropy S as a function of temperature scaled T/lj = l/fiu). 



Then, in the space % ® % generated in TFD, superpositions are associated 
to density matrices in the Hilbert space T-L. A non- factorable state m H ^ H is 
associated to a mixed state in "H. From quantum optics, it is known that two-mode 
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squeezing ope rat ors lead to generation of an entangled state when acting in a two- 
mode vacuurrPSl. This is the case of the Bogoliubov transformation acting in the 
zero temperature vacuum |0, 0) G % ® % that leads to the thermofield vacuum 

|o(/3)) €n®n. 

4. No-cloning theorem 

Suppose a cloning machine in a state j^o) and a state that we wish to clone, e.g., 
the state Then, the cloning process can be represented by 

\Ao)\n) ^\An)\n,n) (61) 

where \An) is the final state of the machine and \n,n) is the final state where now 
we have two states \n). 

In this process the Hilbert space generated by the Fock state \n) is increased to 
a product space generated by |n, n). 

According to quantum mechanics this quantum cloning operation must be linear 
and unitary. Thus, if the state to clone is the following superposition 

z\n) + w\m) (62) 

where ZjW ^ 0, then 

\Ao) (z|n) +w\m)) z\An)\n,n) + w\Am)\m,m), (63) 

where \An) and \A„i) are in general different states. 

If \ An) 7^ \ A„i), then emergent system state of the cloning state is in a entangled 
state given by 

z\An)\n,n) + w\Am)\m,m) (64) 

On the order hand, if \An) — \Am), then the emergent state is given by 

\An) {z\n,n) + w\m,m)) . (65) 

Thus, in any case, the emergent state of the cloning machine never is a cloned state 
product given by 

{z\n) + w\m)) {z\n) + w\m)) , (66) 

what proves the impossibility of a cloning machine. This result was proved in 1982 
by Woofers and Zurek SHI and by Dieks in another way SU. 

5. No-cloning theorem in TFD 

Now, we turn to the TFD procedure of doubling the degrees of freedom in the 
Hilbert space Ji. This procedure can be summarized by the following mapping 



Dtfd ■■H^H®'H. 



(67) 
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This mapping works in this way: given a state |^) e "H, a state \(j}) e H is created 
such that Dtfd can be expressed by 

DTFoim = 1^) ^ 10). (68) 

There is no unique way of doubhng the degrees of freedom of a Hilbert space (see 
figure |3]). As such, we need to make a choice. Indeed, given states \^) G "H, the 
doubhng can be realized by means of a cloning procedure, where a cloning of \^p) 
is created in the tilde space H and called lip). This mapping is expressed by 

w^Hm, (69) 

In this case, Dtfd is a cloning mapping and we can also write 

DTFDim = IV')!^). (70) 

On the other hand, we can consider states |0) G "H such that the doubling procedure 
works as a permutation, where states \ip) € H are lead to states |(/)) G H and states 
10) e H are lead to states lip) £ %. This mapping can be expressed by 

\^)^\m). (71) 

10) 10)1^). (72) 

In this case, the mapping works as a permutation. In a more general case, the states 
and \4>) could match totally different states in the tilde space as |^) and |x), 
leading to 

H) ^ 1^)10, (73) 

^ \m)- (74) 

In terms of Fock states, the mapping (|67|) for a given state \n) can be written as 
\n) — > |n, to). Let us consider the strict case of a cloning mapping ([BS]). where Fock 
states are considered, such that from the state |n), we have 

\n) |n, n). (75) 

For this case, we have 

DTFD{\n))^\n,n). (76) 

Now, by considering a superposition state z\n) + wjm) e this doubling mapping 
can be written as 

z\n) + w\m) en^ {z\n) + w\fn)) {z\n) + w|to)) £T-L®'H. (77) 



DTFD(z\n) + w\m)) — {z\n) + w\m)) {z\h) + w\rfi)) . (78) 

The state z|n) + w\rh) corresponds to a copy of z\n) + w|to) in the space %. The 
complex numbers z and w could go as complex conjugated in the tilde space, 
depending on our choice of the mapping. Let us first consider z and w real numbers. 
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n 



n 



n 






IV') 











15) 


IV') 




^ \x) 


l<^) 





Fig. 3. (Color online) Possible doublings of freedom degrees of the Hilbert space 'H by the map- 
ping H^n^H. 



From the no-cloning theorem exposed in the last section, we figure out that the 
cloning procedure in (|68p cannot be linear. In fact, if linearity is validy here, we 
have 

DTFDiz\n) + w|m)) = zDrFoiln)) + wDTFoHm)). (79) 

It follows from (1751) that 

DTFDiz\n) + w|m)) = z|n, n) + w\m, rh). (80) 

However, by comparing (|76p and (j80p we arrive at 

h) + uijm, rh) — z'^\n, h) -f w'^\m, ifi) -|- wz (|m, h) A- |n, rh)) . (81) 

This is only true in the case where \z\ — 1 and \w\ = or |z| = and \w\ = 1 or 
both zero. If we had considered z*\fi) + w*|to) instead of z\n) +w\fh), where z* and 
w* are complex conjugated of z and w, the last equation would be 

z\n^n) + w\m,rh) — \z\^\n^h) -\- |ii;p|m, m) -|- (u;*z|m, h) -\- z*w\n, rh)) . (82) 

Again, this is only true in the case \z\ = 1 and \w\ = or |z| = and \w\ = 1 or 
both zero. 

As a consequence Dtfd in the cloning procedure form (j68p cannot be a linear 
mapping. This leads to a more strong result: We cannot devise an experiment by 
means of linear operations that lead to a doubling procedure in TFD to an arbitrary 
state z\n) + w|m). 
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As the states {z\n) + w\m)) {z\h) + w\rh)) are factorable in'H®'H and cannot 
result of a linear operation, we have as a particular consequence, they do not result 
from unitary evolution or any linear evolution. This can give us some route to deal 
with non-factorable states mH^T-L corresponding to thermofield states associated 
to physical states in H. This result is of practical interest because a non- factorable 
state va'H^'H acts as an entanglement between % and "H, consequently cannot be 
associated to a pure state in T-L, but only to a mixed state in %. 

However, the above result is not too much serious in the derivation of the ther- 
mofield vacuum. Indeed, a recipe to construct the thermofield vacuum is given by 
the following steps 

|0)^|0,0) (83) 
|0,6)^|0(/3))=e-^'5|o^O^^ (84) 

The doubling procedure in ([83]) corresponds to the case \z\ = 1, \w\ = and n = 0, 
where the equality (|82|) is true. In the step (|83|) we have a separable state in the 
space v.® a, i.e., we can distinguish |0) e "H and |6) G Ti. In the step (IMl) . the 
state is not separable at finite temperatures and we cannot divide |0(/3)) ^ H ®H 
in a part pertaining to the space H and other pertaining to H. In this sense, the 
thermofield vacuum is entangled in the space H (EiH- 

It is important to emphasize the differences between the spaces T-L®T-L and H(E)'H. 
The space T-L'^T-L corresponds to product space of two Hilbert spaces corresponding 
both to quantum physical systems. On the other hand, T-L®T-L comes from the TFD 
procedure of doubling the freedom degrees in a Hilbert space 

We can also discuss the no-cloning theorem in context of thermofield states 
in TFD. Excitations from the thermofield vacuum are also existing states in the 
Hilbert space 'H^'H. Let us consider the states 

|l(/3))=4|0(/3)) (85) 

and 

(86) 

corresponding to the action of thermofield creation operators ajj, equation (I2ip . 

and 6^5, equation ((23|) . in the thermofield vacuum. If we consider again the case of 
a fermionic oscillator 

|0(/3)) = cos6'|0,6) +sin6'|l,i), (87) 
Then, the thermofield states (|85p and (|86| will be explicitly written as 
|l(/3)) = e~'°a^e"^ (cos 6*10, 6) -I- sin 6*11, 1)) 

= e-^'^a'f (cos2 6'|0,6) - cos 61 sin 6*11, 1) + cos 6* sin 6*1 1, 1) -I- sin^ 6*10, 6)) 
= e-''5at|o,0) 
= e-*'5|l,6) 

= |1,0), (88) 
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and 



= e-"^Pe"^ (cos6l|0,0) +sin6l|l,i)) 

= e-"^P (cos2 6l|0,0) - cos 6* sin 6*11, i) + 0086* sin 6*11, i) +sin2 6l|0,0)) 



e 



-iG 



6t|0,0) 



= e-»«|0,i) 

= |0,i). (89) 

Note that, in this simple case, the thermofield excitations | !(/?)) and are 
factorable in H (E) H, although the thermofield vacuum does not. On the other 
hand, 

=w;|l,6)+z|0,i), (90) 

is a possible thermofield superposition state in H (g) H and corresponds to a non- 
factorable state. Other examples of superpositions can also come. For example, a 
combination of the thermofield vacuum and the excitation (1851). 



u\0if5))+v\m) (91) 
where we can impose normalization 



|2 I L,|2 



v\' = 1. (92) 



If we can clone the state (IMI) , the cloned state will appear as an state in the product 
space (ji (8) ® (li ® T-Lj and the resulting state will be 

(m|0(/3)) + v\l{(3))) (m|0(/3)) + v\\{l3))) {n®H)®(n®Hy (93) 

In this sense, the cloning procedure for thermofield states is a mapping from a 
twofold to a fourfold space, i.e., 

{n®n^ ^ [n^ftj^i^® ftj (94) 

Again, we can derive consequences of the no-cloning theorem. Let us call the cloning 
mapping in by Ctfd, 

Ctfd- {n®n^ ^ (n®H^®{n®H^ (95) 

such that 

ctfd {u\m) + Am)) = (u\om ^ v\\{m {u\om + v\m)) , (96) 

CTFD{\m))^\m)\m). (97) 

CTFD{\m))^\m)\m)- m 

If this cloning is linear, it will happen 

Ctfd (u|0(/?)) + «|l(/3))) = mCtfd (|0(/3))) + i-CTFcdl (/?))). (99) 
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However, this will imply 

ctfd {uW)) + v\\m) = u\m)W)) + v\m)\m)- im 

Compared to (|96p . (|100l) is a wrong relation except to the cases |u| = 1 and |ti| = 
or \u\ = and \v\ — 1 or both zero. It results the cloning mapping Ctfd is not 
linear. In fact, it cannot be antilinear (conjugate-linear) for the same reasons. 

Although we have considered a specific superposition, as in the no-cloning the- 
orem, the above result is also applied to a more general case. Consequently, the 
cloning mapping Ctfd cannot result of an unitary evolution applied to a general 
thermofield state. For a bosonic case, for example the bosonic oscillator, the ther- 
mofield vacuum has a more complicated form and in general thermofield excitations 
are non-factorable. In any case, the no-cloning result keeps applying. 

As the no-cloning theorem has an important role in the case of quantum informa- 
tion protocols, this result for TFD can also be important for quantum information 
protocols in this context. 

6. Conclusion 

Here we have discussed the no-cloning theorem in the approach of TFD. Given a 
Hilbert space T-L the no-cloning theorem imposes a restriction in the access to states 
in the Hilbert space H ^ H, leading to a physical restriction in the procedure of 
copying states. In the case of TFD, we discussed the no-cloning theorem in the 
procedure of doubling a Hilbert space H by means of the construction of a Hilbert 
space T-L®T-L and its application to superpositions of thermofield states in TFD. By 
means of a doubling procedure using a cloning mapping it results that a doubling 
cannot be realized by means of a linear mapping. This leads to the more strong 
result that we cannot devise an experiment by means of linear operations that lead 
to a doubling procedure in TFD to an arbitrary state z|n) -I- w\m). In the case of 
thermofield states, the cloning procedure for thermofield states is a mapping from 
a twofold space {% ® iij to a fourfold space (v. (g) (g) ^"H (X) iij . In this case, 
it also results that the cloning mapping cannot be realized by means of linear or 
antilinear operations. In fact, an unitary evolution or any other linear mapping 
cannot lead to a cloning of an arbitrary superposition of thermofield states in TFD. 

As no-cloning theorem has an important role in quantum information the- 
ory, the discussions here can motivate furth er studies of quantum information 
protocols^'^'^^^^ using the formalism of TFD 1 ^ 1 ^4 1 13 111 
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